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We show that, under certain assumptions, the fitness of almost all quasi-species becomes independent of
mutational probabilities and the initial frequency distributions of the sequences in high dimensional sequence
spaces. This result is the consequence of the concentration of measure on a high dimensional hypersphere and
its extension to Lipschitz functions knows as the Levy’s Lemma. Therefore, evolutionary dynamics almost
always yields the same value for fitness of the quasi-species, independent of the mutational process and initial
conditions, and is quite robust to mutational changes and fluctuations in initial conditions. Our results naturally
extend to any Lipschitz function whose input parameters are the frequencies of individual constituents of the
quasi-species. This suggests that the functional capabilities of high dimensional quasi-species are robust to
fluctuations in the mutational probabilities and initial conditions.
I. INTRODUCTION
Living systems and life processes show a remarkable order
despite the role of chance and mutational processes underly-
ing its origin. Why are living systems so well adapted to their
environment? The slogan, “survival of the fittest” seems to
be the accepted answer. However, without a proper definition
of “fitness”, the question of adaptation remains unanswered.
Indeed, without a proper quantification of fitness, the above
argument reduces to “survival of the survivors”, which by its
circular nature is an uncomfortable position to study evolu-
tionary biology.
The subject of “fitness” as a quantity that is optimized by
evolution is a contentious issue in evolutionary theory. One
the one hand, the performance of biological systems, char-
acterized as physical processes, is near optimal and close to
the limits set by the laws of physics. In the domain of bio-
chemical processes, the enzymes for example, serve as nearly
optimal catalysts. On the other hand, evolution viewed as a
complex dynamical process with mutations, its essential fuel,
being stochastic in nature, probably does not optimize any-
thing. The quasi-species model [1–7] is an attempt to address
these questions.
One of the motivations behind the concept of quasi-species,
introduced by Eigen and Schuster, was to be able to make pre-
cise statements about the notion of the survival of the fittest
[1, 2]. Quasi-Species is an ensemble with a well defined dis-
tribution of mutants that is a result of the evolutionary process
involving selection and mutation. Selection acts on the quasi-
species as a whole and the most optimal ensemble survives.
Quasi-Species sheds light on the role of chance in the process
of adaptation by taking into account the role of errors in the
process of replication which results in the generation of an
ensemble of closely related species instead of a single fittest
constituent. The equilibrium distribution resulting from the
selection mutation process is depends not only on the replica-
tion rates of individual constituents but also on the erroneous
replication of the entire population. Therefore, natural selec-
tion as an optimization is not directed toward the single fittest
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variant, but towards the ensemble which evolve to maximize
its average replication rate. In general, the average replica-
tion rate, also known as the mean fitness will depend on the
relative frequencies of the variants which in turn depends on
the underlying mutational probabilities. Therefore, while the
quasi-species formulation shows the role of chance in the pro-
cess of adaptation, the near optimal adaptation observed is of-
ten attributed to the “fitness” of the whole quasi-species. After
all, as mentioned above, living systems including biochemical
processes like enzyme functions show efficient adaptation re-
gardless of what role chance might have had. Moreover, the
mutational probabilities that cause cross-coupling between the
individual variants have their origins in quantum mechanics
and in general, should not be assumed to be fixed in the en-
tire course of evolution. Our work shows the robustness of
the fitness function even when these assumptions are relaxed.
Therefore, for almost all mutational rates and initial condi-
tions, the resulting quasi-species at equilibrium are equally fit
and more importantly show quantitatively similar functional
capabilities. Ours is a first example of quasispecies in high
dimensional phenotypic spaces.....
II. QUASI-SPECIES EQUATION
Quasi-Species is an ensemble with a well defined distribu-
tion of mutants that is a result of the evolutionary process in-
volving selection and mutation. Selection acts on the quasi-
species as a whole and the most optimal ensemble survives
Quasi-Species is an ensemble of related sequences
dX
dt
= WX − g(X).X (1)
The vector X consists of the population densities of the indi-
vidual sequences,
X = (x1, x2, ..., xn) (2)
The matrix W consists of individual replication rates,
ai, i = 1, 2, ..., n, along with the mutation rates for transition
between individual sequences, i and j, given by Qij .
2W =


a1Q11 a2Q12 ... a2Q1n
a1Q21 a2Q22 ... a2Q2n
... ... ... ...
a1Qn1 a2Qn2 ... a2Qnn


.
(3)
The total size of the population is a constant if we have
g(X) =
n∑
i=1
aixi/
n∑
i
xi (4)
.
The equilibrium of Eq. 1 is given by solving the eigenvalue
problem
WX = λX (5)
The fact that the above system will have a unique largest pos-
itive eigenvalue is guaranteed by the Frobenius Perron [8, 9]
theorem.
The largest eigenvalue gives the average replication rate
of the quasi-species, λmax =
∑n
i=1 aixi and the corre-
sponding eigenvector gives the frequency distribution, Xeq =
(x1, x2, ..., xn), at equilibrium.
A. Application of Levy’s Lemma to Quasi-Species
We now introduce the Levy’s Lemma [10] and apply it to
the solution of the quasi-species equation.
Levy’s Lemma: Let f : Sk → R be a function with Lip-
schitz constant η (with respect to the Euclidean norm) and
X ∈ k and a point X ∈ Sk be chosen uniformly at random.
Then
Pr{|f(X)− f¯ | > α} ≤ exp(−C(k + 1)α2/η2) (6)
for some constant C > 0 and f¯ is the mean value of the func-
tion over the sphere.
Mapping the Quasi-Species on a hypersphere
One can map the state describing the quasi-species on
the surface of an n dimensional hypersphere. The coordi-
nates, Y = (y1, y2, ..., yn), of the hypersphere are given by
(√x1,√x2, ...,√xn). The function, f , relevant to us, is the
mean fitness or the average replication rate f =
∑n
i=1 aixi =∑n
i=1 aiy
2
i . A function h is Lipschitz, if,
|h(X)− h(Y )| ≤ C|X − Y |, (7)
for all X and Y and C is a constant independent of X and
Y . The fitness function, f , is Lipschitz as ∇f is bounded by
2max1≤j≤n{aj}.
Therefore, Levy’s Lemma shows us that for any point
picked at random on a high dimensional hypersphere, the
value of the fitness function will be concentrated around the
mean, f¯ , with high probability. Therefore, a random point on
the hypersphere represents the state of the quasi-specie at a
given time. Levy’s lemma shows that almost all quasi-species
in higher dimensions have the same fitness. In the above, we
have assumed, Y , to be uniformly random over the sphere.
B. On the robustness of functional capabilities of quasi-species
Any function, G, whose input parameters are the frequen-
cies of the individual sequences, X , can be computed for the
distribution given by the eigenvectors is concentrated closely
about its average over the entire hypersphere. Therefore, if the
functional behavior of quasi-species is given by such a func-
tion, its value is independent of the mutational matrix and the
initial conditions. This also suggests robustness of functional
behavior of quasi-species to perturbations in mutation rates
and initial conditions. This is a significant result as one might
expect that the workings of certain life processes, as described
by quasi-species, require a certain degree of accuracy and ro-
bustness which we have shown is possible in high dimensional
spaces [11].
III. CONCLUSION
We have shown that the fitness of quasi-species is kine-
matical in nature, i.e. dependent on the system dimensions
and individual selection rates and independent of the mutation
dynamics and initial conditions. For almost all initial quasi-
species distributions and mutation error probabilities, evolu-
tion leads to almost the same value for fitness fitness as de-
fined by the largest eigenvalue of the mutation-selection ma-
trix. We have also shown how the functional capabilities of
quasi-species is robust to mutational changes and fluctuations
in the initial conditions. Our work is a consequence of ap-
plication of ideas from high dimensional geometry to demon-
strate the robustness of certain life processes and should be of
use to explore the questions related to the origin of life.
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